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Abstract. Unmanned Aerial Vehicles (UAVs) have been extensively 
utilized in environmental modeling tasks, including forest monitoring, 
agricultural mapping, and disaster assessment. These applications ben-
efit from UAVs’ ability to collect high-resolution data for purposes such 
as deforestation detection, crop management, and damage evaluation. 
However, the common assumption that UAVs are homogeneous leads to 
significant inaccuracies due to differences in UAV platforms and sensor 
characteristics. This paper investigates the deployment of heterogeneous 
UAVs equipped with various sensors in fire-affected regions, modeled 
via a point of interest framework. The goal is to minimize measure-
ment errors by explicitly leveraging UAV heterogeneity. We introduce 
a weighted frame potential metric based on matrix orthogonality, and
develop a randomized greedy algorithm to optimize UAV positioning.
The proposed algorithm guarantees at least a 50% approximation of
the optimal solution and offers a theoretical error bound on the met-
ric. Experimental results demonstrate that the proposed method outper-
forms joint greedy and determinant-based algorithms in reducing mea-
surement errors.

Keywords: UAV measurement · Approximation algorithm · Weighted 
frame potential · Submodular optimization

1 Introduction 

UAVs are valuable tools for environmental management due to their mobility ,
adaptability, and sensor-carrying capabilities [20]. In environmental monitoring, 
UAV-mounted sensors are deployed to collect diverse data in various scenarios. 
However, key challenges remain, such a s determining optimal UAV positions to
improve detection accuracy.
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To better understand the deployment problem in UAV-based sensing, we first 
review related work in t raditional sensor networks. In traditional sensor networks
[1–17], sensors are typically considered homogeneous and independent, espe-
cially in linear observation models that solve linear inverse problems for recon-
structing physical fields. A substantial amount of research focuses on selecting k 
points from N candidate locations to maximize information gain and minimize 
errors. This forms a combinatorial optimization problem, which has led to the 
development of numerous heuristic and approximation algorithms. Most stud-
ies aim to design various metrics to assess and minimize computational error,
and then develop optimization algorithms that exploit the properties of these
metrics. While significant progress is made in coupling metrics with algorithms
[3], research on heterogeneous UAV measurements remains limited, with most 
studies addressing homogeneous sensor issues. UAV heterogeneity stems from 
differences in sensor models, often caused by variations in procurement timing 
or manufacturing inconsistencies. These variations lead to distinct sensor errors, 
and treating all UAVs as h omogeneous results in a model that poorly reflects real-
world conditions. Effectively coordinating these heterogeneous UAVs for accurate
detection remains a challenging task [21]. 

Fig. 1. Heterogeneous UAV Measurement Challenge: This study addresses a scenario 
involving multiple distinct UAV types. In the figure, the fleet consists of two yellow 
UAVs, two blue UAVs and one red UAV, each type exhibiting different accuracy levels. 
The objective is to ascertain the optimal deployment of these UAVs to reduce detection
errors as much as possible in monitoring forest fires. (Color figure online)

We investigate how UAVs equipped with sensors of varying accuracies can 
collaboratively measure fire-affected areas and reconstruct the fire scene to iden-
tify hazardous zones. This approach is also applicable to real-time forest fire 
warnings. We assume a set of predefined points of interest, where UAVs hover
to collect measurements. The collected data is transmitted to a central system,
which reconstructs the overall fire scenario, as illustrated in Fig. 1.  Each  UAV  
group is subject to Gaussian noise with a distinct variance. The goal is to deter-
mine an optimal UAV deployment strategy that solves a linear inverse problem



332 Y. Lv et al.

while minimizing reconstruction error. Due to the challenges introduced by sen-
sor heterogeneity, new metrics are needed. Classical criteria such as mutual infor-
mation or A-optimality fail to explicitly capture sensor heterogeneity. To address 
this issue, we propose the weighted frame potential (WFP), which fully accounts 
for the accuracy differences among heterogeneous sensors. The proposed metric 
is submodular, enabling the use o f a random greedy algorithm. The submodu-
larity of WFP ensures that the random greedy algorithm can provide provable
approximation guarantees for this otherwise intractable selection problem, while
maintaining high computational efficiency.

The main contributions of this paper a re summarized as follows:

– We address the problem of environmental modeling using heterogeneous 
UAVs, particularly in scenarios involving multiple UAV groups.

– Despite differences in UAV models and factory configurations, we show that 
effective collab orative detection can still be achieved.

– We introduce the weighted frame potential metric and apply a random greedy 
algorithm, which guarantees a solution that is at least 1/2 of the optimal. Our
method provides a provable performance bound.

– We further provide an upper bound on the solution quality based on the
weighted frame potential.

2 Problem Statement 

2.1 UAVs Model 

A forest fire has occurred, requiring heterogeneous UAVs to investigate the 
affected area. The fire is assumed to be located on a two-dimensional plane. On 
this plane, there are N candidate locations that require observation, denoted 
by the set N = {1, 2,  .  .  .  ,  N  }. Each candidate point is more suitable for specific 
types of UAVs. Thus, the set N can be partitioned into subsets S1,  S2,  .  .  .  ,  Sm ⊆ 
N ,  w  here Si represents the points assigned to UAVs of type i, for i = 1, 2, . . . ,m.
The objective is to select appropriate locations from the candidate set to deploy
the UAVs, such that the estimation of the fire scene is as accurate as possible.

Since the number of UAVs available for each type is fixed, any feasible deploy-
ment L  ⊆  N  must satisfy the UAV-type constraints. Specifically, if Mi UAVs 
of type i are available, then the solution must satisfy |L ∩ Si| = Mi. The total 
number of deployed UAVs is given by |L| =

m

i=1

Mi. In other words, all UAVs

must be assigned to their designated subsets, and their total usage matches the
available inventory.

2.2 UAVs Placement Problem 

Suppose the goal is to reconstruct the temperature at K selected points. The 
corresponding true values are denoted by α ∈ RK . At each PoI, the temperatures
at the K detection points will influence the measurement at this PoI. In addition,
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each PoI measurement is corrupted by Gaussian noise associated with the UAV’s 
sensor. Following the sensing model in [9], the aggregated measurements across 
all candidate points can be e xpressed as

f = Ψα + η, (1) 

The differences in each row of Ψ ∈  RN×K reflect variations in the spatial distri-
bution of UAVs, where more similar vectors indicate closer distances. The dif-
ferences in each row of Ψ reflect variations in the spatial distribution of UAVs. 
η represents additive measurement noise. The errors across all UAVs stem from
an N -dimensional vector η ∈ R

N , where η is additive zero-mean white measure-
ment noise with a variance matrix C.

The covariance matrix C is a diagonal matrix C = diag(σ2 
1 ,  σ2 

2 , ..., σ2 
N ), 

where UAVs of the same type have the same variance. Furthermore, outstanding 
UAVs are characterized by smaller variances. F or all UAVs belonging to the j-th
type, σ2

i remains consistent for any i ∈ Sj .
If the set of observation positions L for the UAV is determined, the vector 

obtained from the measurements is denoted by f L ∈ R|L|,  where  f L represents 
the sub-vector of f indexed by L. Simultaneously, ηL signifies the sub-vector of 
η indexed by L. Ψ L ∈ R|L|×K corresponds to the sub-matrix of Ψ , formed by
the rows indexed by L. The resultant sub-formula from observations is given by:

fL = ΨLα + ηL (2) 

Because the number of UAVs is limited and cannot cover all selected points, 
the size of the measurement results from f L is smaller than that of f .  This  
reduction in scale decreases the precision in describing the physical scene α.
Therefore, the central challenge of this paper is to effectively utilize the limited
heterogeneous UAVs to enhance the description of α.

2.3 Weighted Frame Potential (WFP) 

Reconstructing the temperature typically requires different criteria to evaluate 
the effectiveness of the references. Previous w orks have proposed various criteria
such as MSE [22], VCE [13], and WCEV [14] to assess performance. Benedetto 
et al. [15] introduce an approach centered around the concept of frame potential. 
Building on this foundation, subsequent research extended the frame potential 
metric to incorporate heterogeneous metrics, leading to the development of the 
weighted frame potential. Let the chosen set be denoted as L. Define Ψ L = 
{ψ1, ψ2 , . . . ,ψL}, where ψi represents the i-th row vector of ψL. The weighting
coefficients are given by ωi = σi.

W  F  P  (Ψ L)  =  
i,j∈L 

ωiωj 
ψi, ψj 

2 

ψi 
2
2 ψj

2
2

. (3) 

Since the primary objective is to minimize the weighted frame potential, 
it becomes evident that larger variances in UAV measurement errors lead to
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poorer evaluations of the WFP’s performance metric, so the logical strategy is 
to increase the corresponding ω values. Research [6] findings indicate that in 
scenarios involving two groups of UAVs, ωi = 1 

1+exp(−(σi−σ)) performs better, 
wherein σ symbolizes the average error across UAVs. In scenarios involving mul-
tiple groups of UAVs, this paper discovers that setting ωi = σi leads to favorable
performance. In other words, selecting ωi as the standard deviation correspond-
ing to index i yields superior results.

Minimizing the WFP presents significant challenges in algorithm design. To 
address this, a monotone, normalized, and submodular function f is constructed. 
The core principle behind constructing f is to identify the complement of the 
solution set and exclude row vectors that minimally decrease the value of WFP.
These positions are deemed unsuitable for UAV placement. Through this con-
struction, the function f becomes

f(L) = WFP (ΨN ) − WFP (ΨN\L). (4) 

We start by proving the normalization of function f .  When  L = ∅,  the  
following holds: 

f (L)  =  W  F  P  ( ΨN ) − WFP (ΨN\∅)
= WFP (ΨN ) − WFP (ΨN )
= 0.

(5) 

This confirms that when the set L is empty, f(L) evaluates to 0, t hereby satis-
fying the normalization property.

Based on the definition of WFP in Equation (3), observing that the summa-
tion terms of WFP are positive and the number of terms increases as L grows, it 
can be deduced that WFP is a monotonically increasing function. Therefore, the 
complement of the set denoted as W  F  P  (ΨN\L), is a monotonically decreasing
function. Consequently, the expression WFP (ΨN )− WFP (ΨN\L) represents a
monotonically increasing function.

Next, we establish the submodularity property for any two sets, L1 and L2, 
within N ,  where  L1 ⊆  L2 ⊆  N  . For any element e  /∈  L2, we aim to prove the 
submodularity condition. 

f(L1 ∪  {e}) − f(L1) 

= W  F  P  (Ψ N ) − W  F  P  (Ψ N\(L1∪{e})) − W  F  P  (Ψ N ) − W  F  P  (Ψ N\L1) 
=W  F  P  (Ψ N\L1) − W  F  P  (Ψ N\(L1∪{e})) 

= 
i∈N\(L1∪{e}) 

ωiωe 
ψi, ψe

2

ψi
2
2 ψe

2
2

+
j∈N\(L1∪{e})

ωeωj

ψe, ψj
2

ψe
2
2 ψj

2
2

+ ωeωe
ψe, ψe

2

ψe
2
2 ψe

2
2

(6) 

Since L1 is contained within L2, the number of terms in the given expression 
reduces. We can establish the submodularity property by demonstrating that: 
f(L1 ∪  {e}) − f(L1) ≥ f(L2 ∪ {e}) − f(L2).
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By taking these steps, we have demonstrated that f is normalized, monotone, 
and submodular. Based on these p roperties, we can present an approximation
algorithm for f .

3 Algorithm and Theoretical Foundation 

In this section, the heterogeneous UAV placement problem is tackled by solving 
a submodular maximization problem. The algorithm employed here is the ran-
dom greedy algorithm, which offers a straightforward way to demonstrate the
theoretical guarantees of this approach.

3.1 Algorithm 

f is a normalized, monotone submodular function. Given that the number of 
UAV of the i-th model is denoted as Mi, the constraints of the problem can 
be expressed as |(N  \  L) ∩ Si| = Mi. Assuming |Si| represents the number of 
elements in Si, the problem can be simplified as |L ∩ S i| = |Si| − Mi, where let
us denote Mi = |Si| − Mi, L = m

i=1 Mi for simplicity. This can be framed as
an optimization problem:

arg max
L⊆N 

f(L), 
s.t.|L ∩ Si| = Mi for i from 1 to m

(7) 

For such a problem, when m =  1, it becomes a classic submodular function
maximization problem [19]. Utilizing a greedy algorithm, the problem can be 
solved to yield a value of the f function that is 1 − 1/e times the optimal 
solution. Next, the aim is to extend this algorithm to the scenario where m is
an arbitrary constant.

Algorithm 1 The random greedy algorithm for submodular maximization prob-
lems 
Require: submodular function f :  2N → R, ground set S1,  S2, ..., Sm, restrictions 

M1,  M2, ..., Mm 

1: Create a multi-element index list T containing M1 instances of 1, M2 instances 
of  2,  .  .  .  ,  Mm instances of m. {This list is used to determine the order of sensor 
placement in a greedy manner.} 

2: Randomly p ermute this list
3: for each element j in the list, taken from the head of the list do
4: vi = argmaxvi∈Sj f(T ∪ {vi}) − f(T )
5: T ← T ∪ {vi}
6: end for
7: return T

A greedy algorithm is employed to address this issue. Although the subse-
quent approximation ratio analysis applies to all greedy algorithms, numerical
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experiments have shown that the random greedy algorithm yields the best per-
formance. Therefore, we only introduce the random greedy algorithm here. The 
algorithm first randomly shuffles the selection order of M1 elements from S1, M2 

elements from S2, and so on before execution. Each time, the UAV is placed at
the position with the highest marginal gain among the corresponding elements.

3.2 Algorithm Approximation Guarantee 

Given that f is a submodular function, the marginal gain of set A over set 
B according to the function f is defined as f(A|B)  =  f(A ∪ B) − f(B).  If  
A is an element rather than a set, then f (A|B)  =  f(A ∪ B) − f(B).  Let  us  
establish the proof that for any chosen subset V ⊆  N  , the function f(·|V ) 
exhibits submodularity. 

f(A|V )  +  f (B|V ) 
=f(A ∪ V ) − f (V ) + f(B ∪ V ) − f(V )
=(f(A ∪ V ) + f(B ∪ V )) − 2f(V )
≥f(A ∪ B ∪ V ) + f((A ∩ B) ∪ V ) − 2f(V )
=f(A ∪ B|V ) + f(A ∩ B|V )

(8) 

The inequality is based on the properties of t he submodular function of f .
We define the optimal solution of the submodular function as OPT and 

introduces the definitions OP T1 = OP T ∩ S1, OP T2 = OP T ∩ S2, ..., OP Tm = 
OP T ∩ Sm. Here, OP Ti represents the elements within Si that are part of the 
optimal solution OP T .  Let  Ti denote the o utcome of set T after completing the
i-th round of iterations. Given that OPT is a valid set of solutions, we have
|OPTi| = Mi for all i from 1 to m.

We establish a collection of bijections from T ∩ Sj to OP Tj .  If  an  element  
ej ∈ (T ∩Sj)∩OP Tj ,  we  map  ej to itself. The remaining elements from T ∩Sj lie 
in (T ∩ Sj)\ OP Tj , and we randomly construct a bijection from (T ∩Sj) \ OP Tj 
to OP Tj \ (T ∩ Sj). This way, a mapping is established from vi ∈ T ∩ Sj to 
oj 

i ∈ OP Tj . Next, we show that f (vi|Si−1) ≥ f(oj 
i |Si−1).  If  vi is in the set 

(T ∩ Sj)∩ OP Tj ,  it  is  evident that vi and oj
i are the same element. T0 is defined

as the empty set. If vi lies in the set (T ∩ Sj) \ OPTj , and in the i-th round of
greedy selection, vi is chosen while oj

i is not, it implies f(vi|Ti−1) ≥ f(oj
i |Ti−1).
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Based on the above discussion, this inequality holds. 

f(T )  =  
m 

j=1 i∈Aj 

f(vi|Ti−1) 

≥ 
m 

j=1 i∈Aj 

f(oj 
i |Ti−1) ≥ 

m 

j=1 i∈Aj 

f(oj 
i |T ) 

≥ 
m 

j=1 

f(OP Tj |T ) ≥ f 

⎛ 

⎝ 
m 

j =1

OPTj |T
⎞

⎠

= f(OPT |T ) ≥ f(OPT ) − f(T )

(9) 

The first inequality follows from the constructed bijections mentioned earlier. 
The second inequality is a consequence of the submodularity of f and the fact 
that Ti−1 ⊆ T . The third and fourth inequalities stem from the submodularity of 
f(·|T ). T he fifth inequality holds due to the monotonicity property of f , where
OPT ⊆ (OPT ∪T ). By simplifying (9), we arrive at the result f(T ) ≥ 1 2f(OPT ).

Theorem 1. For any heterogeneous UAV placement problem, assuming OP T = 
arg minA⊆N ,|A∩Si|=Mi 

W  F  P  (A), and considering the sub-optimal solution found 
using the greedy algorithm as N  \  T , the relationship between Ψ N\T and Ψ OP T 
is as follows: 

WFP (ΨN\T ) ≤ γWFP (ΨOPT ) (10) 

where γ = 1 
2 1  +  W  F  P  (Ψ) K 

L2 
min 

is the approximation factor and Lmin = 

min
|L|=L i∈L σ 2i ψi

2.

Proof. The detailed proof of this result is omitted here for brevity and will be 
included  i  n an extended version.

This establishes the theoretical guarantee for the upper bound of the approx-
imation algorithm’s performance measured by the WFP metric. As the values 
of the WFP in ΨN\L decrease, ΨN\L approaches orthogonality, resulting in a
smaller error.

4 Numerical Results 

In this section, we analyze the performance of the algorithm proposed in the 
paper and compare it with algorithms from other studies through n umerical
experiments. This section focuses on a large-scale scenario to test the algorithms.

We compare our random greedy algorithm with three other algorithms as
follows:
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Random Greedy Algorithm (RGA): The WFP and random greedy algo-
rithm are utilized to select points where UAVs cannot be placed, and then their 
complements are determined. The random greedy algorithm randomly selects 
a category at each step and removes an element from it. The final result must
precisely satisfy the specified constraints.

Joint Greedy Algorithm (JGA) [6]: The algorithm identifies the largest 
potential point from all available potential points that do not exceed the con-
straints and then determines its complement for U AV placement. Similarly, it
shares the same theoretical upper bound as RGA.

medskipDeterminant Algorithm (DA) [11]: The calculation of UAVs with 
different accuracies is conducted in stages. In each step of the process, the algo-
rithm identifies the value of j corresponding to the maximum marginal gain, 
which is given by log det σ−2 

i∈S ψi ψ̃i + ψj ψ̃j + Σ−1 . This algorithm is
solely dependent on σ and does not take into account the heterogeneity among
UAVs.

Random Algorithm (RA): Potential points that meet the problem require-
ments are selected from each category of UAV locations for UAV placement.

In large-scale fires, dispatching UAVs for disaster site observation is of utmost 
importance. The selected area for fire observation is 1km × 2km, with the average 
temperature ranging from 30 to 400 ◦C. The fire data are obtained via interpo-
lation of regression models based on a set of points. From Fig. 2, the distribution 
of the fire is quite distinct, with two prominent high-temperature regions. The 
algorithm should strive t o depict these two hotspots as accurately as possible.

Fig. 2. A simulated fire scene heatmap m easuring 2km × 1km.

In this scenario, two types of UAVs are deployed: one type comprises 20 UAVs 
with 80 potential locations, and the other type consists of 55 UAVs with 200
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potential locations. The UAVs have variance values of 2 and 6 respectively. To 
reconstruct the fire disaster scene, the UAVs primarily observe the temperatures 
at 75 specific points on the fire site. The overall fire disaster scene is approximated 
using interpolation techniques. The matrix Ψ is designed as a 280 × 75 matrix,
which serves as a sub-matrix of a 280-dimensional orthogonal matrix. For the
algorithmic approach, only the RGA, JGA, DA and RA from this study are
considered.

The algorithmic results reveal that the execution times for RGA, JGA, DA, 
and RA are 0.007 s, 0.007 s, 34.6 s, and 0.0 s, respectively. It is noticeable that 
RGA and JGA continue to maintain a rapid execution speed, while DA experi-
ences a sharp increase in runtime due to the high time complexity associated with
determinant calculations. Therefore, DA is not a favorable choice for large-scale
scenarios, as its performance significantly degrades in such cases.

Fig. 3. Interpolated fire scene plots provided by the four algorithms: top-left for RGA, 
top-right for JGA, b ottom-left for DA, and bottom-right for RA.

The measurement results of the algorithms are fitted u sing interpolation to
obtain Fig. 3. Intuitively, it is evident that the fitting outcome of the RGA image 
in the top-left corner is the most favorable, clearly displaying the two hotspots 
on the image while achieving excellent results for other intermediate areas. The 
poor fitting performance of the other images can be attributed to inaccurate
measurement results, which negatively impact the quality of the fit. Specific
numerical values, as depicted in Fig. 4, reveal that RGA performs the best in 
terms of both MSE and average temperature difference in larger-scale data sce-
narios. The average temperature difference is improved by 4.0% compared to 
the DA algorithm. These numerical results align with the patterns observed in
the previous images. Thus, RGA proves to be a fast and accurate algorithm in
larger-scale scenarios.
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Fig. 4. Comparison chart of MSE and average temperature difference among the four 
algorithms in the large-scale fire detection scenarios.

5 Conclusion 

This paper studies a measurement problem with multiple groups of heteroge-
neous UAVs. Each group has a limited number of UAVs. The goal is to reduce 
errors in solving linear inverse problems. A submodular maximization algorithm 
is proposed using the weighted frame potential. Its upper bound is rigorously 
proven. The algorithm is tested in large-scale fire scenarios. The results indicate 
that it outperforms other methods in terms of speed. Additionally, it reduces
the average errors by 4.0% in large-scale fire observations. Future research could
further explore the combination of UAV placement and dynamic target tracking
[18] for improved disaster monitoring. 
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Foundation (Nos. Z220004, IS24001, QY24081).
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